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Box Relaxation Schemes in Staggered
Discretizations for the Dual Formulation of

Total Variation Minimization
Juan Francisco Garamendi, Francisco José Gaspar, Norberto Malpica, Member, IEEE, and Emanuele Schiavi

Abstract— In this paper, we propose some new box relaxation
numerical schemes on staggered grids to solve the stationary
system of partial differential equations arising from the dual
minimization problem associated with the total variation oper-
ator. We present in detail the numerical schemes for the scalar
case and its generalization to multichannel (vectorial) images.
Then, we discuss their implementation in digital image denoising.
The results outperform the resolution of the dual equation based
on the gradient descent approach and pave the way for more
advanced numerical strategies.

Index Terms— Dual formulation, image processing, partial
differential equations (PDEs), staggered discretization, total vari-
ation (TV), variational methods.

I. INTRODUCTION

TOTAL Variation (TV) was introduced for (scalar) image
denoising and reconstruction in the celebrated paper by

Rudin, Osher and Fatemi [1]. Due to the very nonlinear charac-
ter of the associated diffusion process, TV-based approaches
to restoration, denoising and segmentation are very efficient
and popular. The energy functional to minimize proposed by
Rudin, Osher and Fatemi is

J (u) = λ

∫
�

|∇u(x)|dx +
∫

�
| f (x) − u(x)|2dx, (1)

where � ⊂ R
2 is an open set of R

2, x ∈ � is the
spatial variable, f, u : � → R are the original (noisy)
image and the unknown (ideal) image respectively, and λ is
a given positive real parameter which controls the trade-
off between the data fidelity term and the smoothness term
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given by the Total Variation. The minimum of the func-
tional can be characterized as the weak solution of the
associated Euler-Lagrange equation (written with abuse of
notation)

−λ∇ ·
( ∇u

|∇u|
)

+ (u − f ) = 0. (2)

Nevertheless, the corresponding quasilinear elliptic Euler-
Lagrange equation has a serious drawback, as the TV energy
functional is not differentiable at the origin, i.e. where
|∇u| = 0, and a multivalued formulation has to be con-
sidered and dealt with. Formally, this implies solving a set of
variational inequalities given by the associated complementary
formulation. These arguments can be made rigorous using
the geometric measure theory of Ambrosio [2], the weak
framework of Caselles [3] and the formalism of the sub-
differential ∂ J (u) defined at the point u as

∂ J (u) = {q ∈ BV (�)∗| J (v) ≥ J (u)+ < q, v − u >}
for all v ∈ BV (�), where BV (�) is the space of functions
of bounded variation (and BV (�)∗its dual) defined as

BV (�) =
{

u ∈ L1(�); |Du|(�) < ∞
}

with J (u) = |Du|(�) being the Total Variation of u

|Du|(�) = sup
p̄∈[C1

c (�)]2

{∫
�

u div p̄ dx; p̄ = (px1, px2
)
,

| p̄|[L∞(�)]2 ≤ 1
}

, (3)

written in terms of its generalized gradient Du, that
must be understood as a Radon vector valued measure,
Du ∈ [M(�)]2. Moreover, p̄ ∈ [C1

c (�)]2 the space of
continuously differentiable vectorial functions with compact
support in � and div p̄ =∑2

i=1 ∂i pxi with

| p̄|[L∞(�)]2 = ess sup
x∈�

√√√√ 2∑
i=1

|pxi |2.

The sub-differential of J (u) gives a (weak and multivalued)
meaning to the Euler-Lagrange equation associated to (1). In
fact, the first order optimality condition reads as

− 1

λ
(u − f ) 
 ∂ J (u) (4)

Equation (4) is multivalued, and its resolution amounts to
considering a system of variational inequalities associated with
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its complementary formulation. This can be done using the
Bermúdez-Moreno duality algorithm [4], but its application is
far from being straightforward when the multivalued equation
is considered. So far, this has been avoided resorting to a
differentiable approximation of the TV formulation in terms
of minimal surface operators which provide smoothed versions
of the restored image,

J (u) =
∫

�

√
|∇u|2 + ε2dx + 1

2λ

∫
�

|u − f |2dx, (5)

where ε is a given constant 0 < ε � 1.
Sometimes this is an unwarranted option, specially when

medical image processing is performed, due to the require-
ments of edge preserving and no oversmoothing. Since the
work of Chambolle [5], minimizing

J (u) = λ|Du|(�) +
∫

�
| f − u|2dx, (6)

can be performed considering the dual problem

sup
p̄ ∈ [C1

c (�)]2

| p̄|[L∞(�)]2≤1

{∫
�

u div p̄ dx + 1

2λ

∫
�

| div p̄ |2dx

}

This is the preferred route for solving the TV denoising
problem (1), because the first order optimality condition,
which is given by

∇(λ∇ · p̄ − f ) − |∇(λ∇ · p̄ − f )| p̄ = 0, (7)

provides exact solutions for the minimum of (6). Notice
that the energy functional (6) is well defined for functions
u ∈ BV (�) thus allowing discontinuities. When u ∈ W 1,1(�),
functionals (1) and (6) are exactly the same.

Equation (7) can be computed with a simple fixed point
(gradient descent) approach [5]

p̄n+1 = p̄n + �t∇(∇ · p̄n − f/λ)

1 + �t|∇(∇ · p̄n − f/λ)| (8)

where 0 < �t < 1/8 is a given value that corresponds
to the discretization step for the artificial variable t . The
discretization of the differential operators was performed using
backward finite differences for the divergence and forward
finite differences for the gradient. The generalization of the
numerical scheme (8) to vectorial images was proposed by
Bresson et al. [6].

In this paper, we propose several discretization schemes for
the numerical resolution of the stationary system of partial
differential equations (7) for the case of scalar and vectorial
images. Although the gradient descent scheme (8) is straight-
forward to implement and faster than primal approximation (5)
[6], it inherits the disadvantages of descent methods, which are
the dependence on the initial condition and the large number
of iterations necessary for the stabilization of the transient
solution to the steady state. This motivates our work where the
stationary system of equations is considered (in both cases,
scalar and vectorial). We propose several iterative schemes
for solving the Euler-Lagrange equations (7) based on various
block relaxations for staggered discretizations. Staggered grids
were first proposed in [7] in the context of computational

fluid mechanics for incompressible fluids. In the framework of
computational solid mechanics, this kind of meshes have also
been successfully applied in multigrid schemes for problems
with dominating gradient-divergence operators [8] and in the
context of image processing they were used for a resolution
of the primal-dual scheme using a Newton method [9], in
inpainting [10] and more recently in [11]. Block relaxation
methods are extremely important for multigrid methods. For
the incompressible Navier-Stokes equations, the box-wise
relaxation method is called the Vanka smoother in the multi-
grid context, after the author of paper [12]. In the context of
computational solid mechanics, these type of smoothers have
also been successfully applied, yielding efficient multigrid
methods for poroelastic problems, see [13]. We also notice
the strong analogy between primal elasticity systems and the
dual Euler-Lagrange equations for TV minimization, which
we shall exploit in deducing our numerical schemes.

Following these considerations we deal with the numerical
resolution of the stationary coupled system of second order
partial differential equations which arise for the dual variable
and define the first order optimality conditions (7) (Dual
Stationary system of Euler-Lagrange Equations). Our aim is
to explore the application of these ideas to the numerical
resolution of the cuasi-linear system of PDEs, thus avoiding
artificial time stabilization.

This paper is organized as follows: in the next section
we introduce the model equations for scalar (single-channel)
digital images and we describe the discretization used for
the differential operators. In Section 3, we propose some
numerical schemes and we study the data dependency between
nodes. In Section 4, we extend the numerical methods to the
case of the vectorial (multi-channel) images. Finally, Sections
5 and 6 are devoted to the numerical results and conclusions.

II. MODEL EQUATIONS AND DISCRETIZATION FOR

SCALAR IMAGES

Let � ⊂ R
2 be the (image) domain, usually a rectangle,

and let f : � → R represent the initial (noisy) scalar image
(the data function) with f ∈ BV (�)∩ L∞(�). Let us assume
f (x) ∈ [0, 1],∀x ∈ �. If this is not the case, we simply
renormalize the data. Let p̄ be the (dual) vectorial variable
p̄ = (px1, px2) : � → R

2. We consider the following coupled
nonlinear system of second order partial differential equations
for p̄ :

−λ∇ (∇ · p̄) + |∇ (λ∇ · p̄ − f )| p̄ = −∇ f, (9)

where ∇ = (∂1, ∂2) is the gradient operator and ∇· is the
divergence operator, ∇ · p̄ = ∂1 px1 +∂2 px2 and λ is a positive
fixed parameter. The vectorial equation (9) can be written in
the form:⎧⎨

⎩
−λ (∂11 px1 + ∂12 px2) + α( p̄)px1 = −∂1 f

−λ (∂21 px1 + ∂22 px2) + α( p̄)px2 = −∂2 f

where ∂i j , i, j = 1, 2 denote second order derivatives, and
α( p̄) defines the nonlinear (in fact quasilinear) character of
system (10) in the form

α( p̄) = |∇(λ∇ · p̄ − f )|. (10)
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Fig. 1. Staggered location of unknowns: u and f are located at + nodes
(grid ω̄+), px1 is located at × nodes (grid ω̄×) and px2 is located at • nodes
(grid ω̄•).

System (10) is complemented with boundary condition

p̄ · n̄ = 0, (11)

where n̄ = n(x) denotes the outer unit normal vector defined
a.e. along the boundary ∂� of the Lipschitz domain �. Notice
that when α( p̄) ≡ 0, equation (9) is a special case of a
linear elasticity system (see [14] for an existence result of
this system), with Lamé coefficient μ = 0 and corresponding
Poisson ratio ν = 1/2. It is well known that the efficiency
of many solution methods for problems in linear elasticity
deteriorates for ν → 1/2 [15], [16], so even in the case
α( p̄) ≡ 0 we face a difficult numerical problem.

In our case, u : � → R, u ∈ BV (�)∩ L∞(�) is the primal
variable representing the denoised image and the change of
variable relating the primal and dual problems, is

u = f − λ∇ · p̄. (12)

By (10) and (12) we have α( p̄) = |∇u|. Written in the form
λ∇· p̄ = f − u, the term λ∇· p̄ is a gaussian noise affecting the
data. A formal application of the Gauss theorem together with
the boundary conditions p̄ · n̄ = 0 gives

∫
� ∇ · p̄ dx = 0 and∫

� udx = ∫� f dx , and we recover the well known properties
of zero mean gaussian noise and mass conservation for the
solutions of the Total Variation denoising problem.

Using (9) we formally deduce that p̄ = ∇u/|∇u| for
|∇u| �= 0 and the primal-dual change of variable (12) is
the Euler-Lagrange equation (2) of the primal problem (1),
complemented with, as usual in image processing, Neumann
homogeneous boundary conditions (∇u/|∇u|) · n̄ = 0 which
correspond to (11).

A. Grid and Operator Discretizations

In a staggered arrangement, the discrete nodes from dif-
ferent unknowns (primal u and the dual p̄) are placed in
different positions on the grid. In the image processing case,
the image pixel values of the initial data f and restored u are
defined at cell centres, and the discrete values of unknowns
(px1, px2) are located at the grid cell edges (see Fig. 1). Next,
the meshes and the discrete operators for ∇ and ∇· are defined.
Also, for problem (9), a new discrete operator for the module
operator | · | must be defined. For simplicity, all the grids will

Fig. 2. Nodes involved in the system of (18) and (19) for cell centered
at (i1, i2) and unknowns p

x1
i1+1/2,i2

and p
x2
i1,i2+1/2 (p

x1
1/2,0 and p

x2
0,1/2 in

relative coordinates).

be uniform with the same mesh size h, and with the same
image size n in both directions. As usual in image processing
we have considered h = 1, which means that the pixel size
is chosen as the unit of reference and � = [0, n]2. We start
with some basic notation. Let ω+, ω̄× and ω̄• be the meshes
defined as:

ω+ =
{
(l, m)h, l, m = 1

2
,

3

2
, . . . , n − 1

2

}
,

ω̄× =
{(

l + 1

2
, m

)
h, l = −1

2
,

1

2
, . . . , n − 1

2
,

m = 1

2
,

3

2
, . . . , n − 1

2

}
, (13)

ω̄• =
{(

l, m + 1

2

)
h, l = 1

2
,

3

2
, . . . , n − 1

2
,

m = −1

2
,

1

2
, . . . , n − 1

2

}
. (14)

Let ω×, ω• be the set of interior nodes, and
∂ω×, ∂ω• be the set of boundary nodes, i.e.,
ω̄× = ω× ∪ ∂ω× and ω̄• = ω• ∪ ∂ω•. Moreover, let
Hω+ , Hω̄× and Hω̄• be the spaces of grid functions defined
on ω+, ω̄× and ω̄•.

The unknown p̄ = (px1, px2), the data f and the (ideal)
denoised image u are located as follows:

1) u and f are located at grid ω+.
2) px1 is located at grid ω̄×.
3) px2 is located at grid ω̄•.

Once the meshes have been introduced, we define the 2-D
discrete operators:
Discrete div. operator ∇h · : Hω̄× × Hω̄• → Hω+

(∇h · p̄)i1,i2 = (∂1 px1)i1,i2 + (∂2 px2)i1,i2 ,
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(a) (b)

(c)

Fig. 3. Unknowns updated simultaneously in the different schemes.
(a) Coupled pairwise. (b) Box vertex centered. (c) Box cell centered.

where,

(∂1 px1)i1,i2 = px1
i1+1/2,i2

− px1
i1−1/2,i2

h
,

(∂2 px2)i1,i2 = px2
i1,i2+1/2 − px2

i1,i2−1/2

h
.

Discrete grad. operator ∇h : Hω+ → Hω̄× × Hω̄•

(∇hv) = ((∂1v)i1+1/2,i2 , (∂2v)i1,i2+1/2
)
,

where for inner points

(∂1v)i1+1/2,i2 = vi1+1,i2 − vi1,i2

h
,

(∂2v)i1,i2+1/2 = vi1,i2+1 − vi1,i2

h
.

Discrete module operator: We define the discrete module
operator for the ω̄× and ω̄• grids as |·|×,h : Hω̄××Hω̄• → Hω̄×
with

α( p̄)i1+1/2,i2 = (|∇h(λ∇h · p̄ − f )|×,h
)

i1+1/2,i2

=
√

v2
1 + v2

2 (15)

where v1 and v2 are,

v1 = ∂1(λ(∇h · p̄)i1,i2 − fi1,i2 )i1+1/2,i2

v2 = ∂2(λ(∇h · p̄)i1,i2 − fi1,i2)i1,i2+1/2 (16)

and | · |•,h : Hω̄× × Hω̄• → Hω̄•

α( p̄)i1,i2+1/2 = (|∇h(λ∇h · p̄ − f )|•,h
)

i1,i2+1/2

=
√

v2
1 + v2

2 (17)

(a)

(b)

Fig. 4. Red: nodes updated simultaneously in vertex centered and cell
centered box relaxations. Black: nodes involved in the independent term
(W, N, S, E)T of the system. (a) Box vertex centered. (b) Box cell centered.

with components v1 and v2 defined as in (16). For clarity,
from now on, we will use relative coordinates to describe the
schemes, with (i1, i2) being the reference point denoted by the
(0, 0) coordinate. Points at (i1 + r, i2 + t) will be denoted by
(r, t).

Thus, the discretization of ∇h(∇h ·) in the staggered grid
involves the following discrete operators

(∂11 px1)1/2,0 = px1
3/2,0 − 2 px1

1/2,0 + px1−1/2,0

h2 ,

(∂22 px2)0,1/2 = px2
0,3/2 − 2 px2

0,1/2 + px2
0,−1/2

h2 ,

(∂21 px1)0,1/2 = px1
1/2,1 − px1−1/2,1 − px1

1/2,0 + px1−1/2,0

h2 ,

(∂12 px2)1/2,0 = px2
1,1/2 − px2

1,−1/2 − px2
0,1/2 + px2

0,−1/2

h2 .

III. NUMERICAL SCHEMES

Applying the previously defined staggered discretization
leads to the following equations at nodes (i1 + 1/2, i2) and
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(a) (b) (c)

Fig. 5. Two consecutive sub-steps in the same iteration of the (a) schemes
coupled pair, (b) cell centered, and (c) vertex centered. The sequential sub-
steps begin at the top left corner of the grid. One iteration is finished when all
nodes in the grid are updated. Red: the nodes that are updated in parallel in
each sub-step. Green: the nodes updated in previous (sub-) steps of the same
iteration.

i1, i2 + 1/2 respectively, for the cell centered at node (i1, i2)
(Fig. 2)

λ

(
px1

3/2,0 − 2 px1
1/2,0 + px1−1/2,0

h2

+ px2
1,1/2 − px2

1,−1/2 − px2
0,1/2 + px2

0,−1/2

h2

)

−α( p̄)1/2,0 px1
1/2,0 = f1,0 − f0,0

h
(18)

λ

(
px2

0,3/2 − 2 px2
0,1/2 + px2

0,−1/2

h2

+ px1
1/2,1 − px1−1/2,1 − px1

1/2,0 + px1−1/2,0

h2

)

−α( p̄)0,1/2 px2
0,1/2 = f0,1 − f0,0

h
(19)

At boundary cells, due to boundary condition p̄ · n̄ = 0 we
have:

1) i = 1..(n − 1/2), j = 1/2: px2
0,−1/2 = px2

1,−1/2 = 0
2) i = 1..(n − 1/2), j = n − 1/2: px2

0,3/2 = 0
3) i = 1/2, j = 1..(n − 1/2): px1−1/2,0 = px1−1/2,1 = 0
4) i = n − 1/2, j = 1..(n − 1/2) px1

3/2,0 = 0.

The first numerical scheme we present to solve system
(18)–(19) can be obtained by defining a collective local
relaxation where a coupled pair (Fig. 3(a)) is simultaneously
relaxed. In this relaxation method, a small 2 × 2 algebraic
system must be solved for each pair in the staggered grid. This
is the most straightforward way to relax the unknowns, but we
can consider another kind of relaxation, such as box relaxation,
that we also present here. The idea of box relaxation is to
solve collectively all equations corresponding to a set of grid
points (box) and not only at one grid point. Two box relaxation
schemes have also been implemented and tested. One of them
has been centered at the south-east vertex of cell (Fig. 3(b))
and the other one has been centered surrounding the unknown

Fig. 6. Analytic error of the different schemes for the test problem (26), as
a function of the number of iterations.

u (Fig. 3(c)). Thus for each box, one has to solve 4×4 system
of equations for inner cells, and a 3 × 3 system of equations
for boundary cells to obtain corrections for the unknowns. The
three proposed schemes, Coupled Pairwise (CP), Box Vertex-
Centered (BVC) and Box Cell-Centered (BCC), are detailed
below.

The term α( p̄)i, j makes the system nonlinear. As a first
approach to numerically solve any of the iterative schemes
presented (CP, BVC and BCC), we propose to linearize
delaying the nonlinear term α( p̄)i, j to the previous iteration.

A. Coupled Pairwise

The most straightforward iterative scheme, deduced from
equations (18)–(19), leads to the following 2 × 2 algebraic
system in each cell,

λ

(
β1/2,0 −1
−1 β0,1/2

)(
px1,m+1

1/2,0

px2,m+1
0,1/2

)
=
(

A
B

)

where βi, j = −2 − λ−1h2α( p̄m)i, j and

A = λ
(
−px1,m

3/2,0 − px1,m+1
−1/2,0 + px2,m+1

1,−1/2

− px2,m+1
0,−1/2 − px2,m+1

1,1/2

)
+ h( f1,0 − f0,0),

B = λ
(
−px2,m

0,3/2 − px2,m+1
0,−1/2 + px1,m−1/2,1

− px1,m+1
−1/2,0 − px1,m+1

1/2,1

)
+ h( f0,1 − f0,0).

This algebraic system can easily be exactly solved using
a direct method, such as Gauss-Elimination. In the form
M p̄,= b̄ where

M = λ

(
β1/2,0 −1

0 β0,1/2β1/2,0 − 1

)

p̄ =
(

px1,m+1
1/2,0

px2,m+1
0,1/2

)

b̄ = λ

(
A

β1/2,0 B + A

)
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(a) (b)

(c) (d)

Fig. 7. Number of iterations, given a stop criterion (see text), with respect to λ value. Each graph corresponds to a different image size. (a) 64 × 64.
(b) 128 × 128. (c) 256 × 256. (d) 512 × 512. The picture used was the Lena image.

which gives, ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

px1,m+1
1/2,0 = λ−1

A + px2,m+1
0,1/2

β1/2,0

px2,m+1
0,1/2 = λ−1 β1/2,0 B + A

β0,1/2β1/2,0 − 1

(20)

B. Box Vertex-Centered Wise

One can also update simultaneously more than two nodes.
In the box vertex-centered-wise scheme, apart from the two
unknowns px1

1/2,0 and px2
0,1/2, the unknowns px1

1/2,1 and px2
1,1/2

are considered [Fig. 4(a)]. This, for inner cells, leads to solve
the following 4 × 4 system at each cell,

λ

⎛
⎜⎜⎝

β1/2,0 −1 1 0
−1 β0,1/2 0 1
1 0 β1,1/2 −1
0 1 −1 β1/2,1

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎝

px1,m+1
1/2,0

px2,m+1
0,1/2

px2,m+1
1,1/2

px1,m+1
1/2,1

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎝

W
N
S
E

⎞
⎟⎟⎠

where βi, j = −2 − λ−1h2α( p̄m)i, j and

W = λ
(
−px1,m

3/2,0 − px1,m+1
−1/2,0 + px2,m+1

1,−1/2 − px2,m+1
0,−1/2

)
+h( f1,0 − f0.0)

N = λ
(
−px2,m

0,3/2 − px2,m+1
0,−1/2 px1,m+1

−1/2,1 + px1,m+1
−1/2,0

)
+h( f0,1 − f0.0)

S = λ
(
−px2,m

1,3/2 − px2,m+1
1,−1/2 px1,m

3/2,1 + px1,m
3/2,0

)
−h( f1,1 − f1.0)

E = λ
(
−px1,m

3/2,1 − px1,m−1/2,1 − px2,m
1,3/2 px2,m

0,3/2

)
+h( f1,1 − f0.1).

C. Box Cell-Centered Wise

On the other hand, if the unknowns surrounding the center
of the cell are updated simultaneously, [Fig. 4(b)] the 4 × 4
system that must be solved in each cell is,

λ

⎛
⎜⎜⎝

β0,−1/2 −1 1 1
−1 β−1/2,0 1 1
1 1 β1/2,0 −1
1 1 −1 β0,1/2

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎝

px2,m+1
0,−1/2

px1,m+1
−1/2,0

px1,m+1
1/2,0

px2,m+1
0,1/2

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎝

W
N
S
E

⎞
⎟⎟⎠

where βi, j = −2 − λ−1h2α( p̄m)i, j and

W = λ
(
−px2,m+1

0,−3/2 + px1,m+1
1/2,−1 − px1,m+1

−1/2,−1

)
+ h( f0,0 − f0,−1)

N = λ
(
−px1,m+1

−3/2,0 + px2,m+1
−1,1/2 − px2,m+1

−1,−1/2

)
+ h( f0,0 − f−1,0)

S = λ
(
−px1,m

3/2,0 − px2,m
1,1/2 + px2,m+1

1,−1/2

)
(21)

+ h( f1,0 − f0,0)

E = λ
(
−px2,m

0,3/2 − px1,m
1/2,1 + px1,m−1/2,1

)
(22)

+ h( f0,1 − f0,0)

D. Parallel Properties

We now compare the parallel features of the proposed
schemes and the gradient descent (8), (GD), over scalar 2D
images of size ni1 × ni2 . We define the term parallel degree
(par-deg) for a given parallel algorithm as the number of steps
needed to perform one iteration of the sequential version of
the numerical scheme, divided by the number of steps of the
parallel version.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 8. Energy ratio of the different methods, as a function of the λ parameter, for different image sizes (a,b: 64 × 64, c,d: 128 × 128, e,f: 256 × 256,
g,h: 512 × 512) and for a fixed number of iterations (left column: ten iterations; right column: 100 iterations). The picture used in the test was Lena.

(a) (b)

Fig. 9. Black and white images used in the scalar tests. The camera settings were for (a) ISO 1600, 33-mm focal length, aperture of f/4.5, and velocity of
1/30 seg., (b) ISO 1600, 40-mm focal length, aperture of f/5.0, and velocity of 1/80 seg., with sizes (2000 × 1333) and (1333 × 2000), respectively.
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(a)

(b)

Fig. 10. Color images used in the vectorial tests. The images has a resolution
of (666 × 1000) and were acquired with a camera settings of (a) ISO 800,
18-mm focal length, aperture of f/3.5, and velocity of 1/30, (b) ISO 1600,
18-mm focal length, aperture of f/3.5, and velocity of 1/20.

Gradient descent is fully parallel, as the new values do not
depend on each other. By this we mean that expression (8)
can be applied to all grid points simultaneously in a unique
step, so its degree of parallelism is:

par-deg(GD) = ni1 · ni2

If we use the staggered discretization and the iterative
schemes coupled pair (CP), box cell centered (BCC) and box
vertex centered (BVC) we have dependencies, since we want
to use the most recent values of p̄ wherever possible. The
red grid points lying on the diagonals showed in Fig. 5 are
independent and can be treated in parallel. This means that
one must cover the diagonals in a sequential mode, but each
diagonal step must be split into two substeps, as can be seen
in Fig. 5. Notice that the three iterative schemes have the
same degree of parallelism, even thought the nodes used in
the different schemes are not the same.

par-deg(CP) = par-deg(BCC)

= par-deg(BVC)

= ni1 · ni2

2ni1 + ni2 − 2
.

IV. VECTORIAL IMAGES

In this section, we consider the generalization of the above
models to vectorial (multi-channel) images. Let M be the
number of channels for a 2D image. Let p := ( p̄1, .., p̄M)T :
� → R

M×2, p̄ j = (px1
j , px2

j ) : � → R
2, j = 1, . . . , M and

(a) (b)

(c) (d)

Fig. 11. Details of the images, where the noise can better be appreciated.

f̄ = ( f1, . . . , fM )T ∈ L∞(�; R
M ). We consider the vectorial

equation for the dual variable p:

−∇(λ∇ · p − f̄ ) + |∇(λ∇ · p − f̄ )|p = 0 (23)

where ∇· is the divergence operator such that

∇ · p = (∇ · p̄1, ..,∇ · p̄M)T : � → R
M

with

∇ · p̄ j = ∇ · (px1
j , px2

j ) = ∂1 px1
j + ∂2 px2

j , j = 1, . . . , M,

and ∇ v̄ is the jacobian matrix

∇ v̄ = ∇(v1, .., vM )T =
⎛
⎜⎝

∂1v1 ∂2v1
...

...
∂1vM ∂2vM

⎞
⎟⎠

which means for each j channel⎧⎨
⎩

−λ(∂11 px1
j + ∂12 px2

j ) + α(p)px1
j = −∂1 f j

−λ(∂21 px1
j + ∂22 px2

j ) + α(p)px2
j = −∂2 f j

(24)

where

α(p) =
√√√√ M∑

j=1

|∇(λ∇ · p̄ j − f j )|2 (25)
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(a) (b)

(c) (d)

Fig. 12. ROF total energy (a) and (c) and ratio energy (b) and (d) measured at ith iteration for the scalar images Gracia District, (a) and (b) Olympic Port,
and (c) and (d) (λ = 0.15 and λ = 0.18, respectively).

is the coupling term between the channels. The system is
complemented with the boundary conditions given by pn̄ = 0̄
which corresponds to p̄ j · n̄ = 0, j = 1..M , on ∂�.

As an example, we consider the problem with color images
in RGB format (there are other models such as the CMYK).
The generalization to images of higher dimensions or with
more channels is straightforward.

Let f̄ = ( f1, f2, f3) be a 2D color image in RGB format
( f1 with information of red channel and go on), i.e. D = 2,
M = 3, p = ( p̄1, p̄2, p̄3) with p̄ j = (px1

j , px2
j ), j ∈ {1, 2, 3}.

The system of partial differential equations (23) is as follows:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−λ(∂11 px1
1 + ∂12 px2

1 ) + α(p)px1
1 = −∂1 f1

−λ(∂21 px1
1 + ∂22 px2

1 ) + α(p)px2
1 = −∂2 f1

−λ(∂11 px1
2 + ∂12 px2

2 ) + α(p)px1
2 = −∂1 f2

−λ(∂21 px1
2 + ∂22 px2

2 ) + α(p)px2
2 = −∂2 f2

−λ(∂11 px1
3 + ∂12 px2

3 ) + α(p)px1
3 = −∂1 f3

−λ(∂21 px1
3 + ∂22 px2

3 ) + α(p)px2
3 = −∂2 f3

where α(p) is defined as in (25).

As in the scalar case, the term α(p) makes the system non-
linear, and it can be linearized considering this term computed
in the previous iteration. In each iteration step, this strategy
splits the entire system (23) into M groups of equations (24),
so, the problem is still coupled but weakly and each group
corresponds to a unique channel. In each step we have M
systems of equations that can be computed separately, and
each system (24) can be solved using the same discretization
schemes proposed before, i.e., the discrete operators will be
applied to each channel in the same way as in the scalar case.
Attention should be paid to the fact that before the calculation
of α(p) (at each iteration), a full run over all channels must
be performed.

V. EXPERIMENTAL RESULTS

All the numerical schemes were first evaluated with the
following test problem:

∇(∇ · p̄ − f ) − p̄ = 0̄ (26)

with f = (A2 + B2 + 1) cos (Ax1) cos (Bx2) in the domain
� = [0, 256] × [0, 256] with A = π/256 and B = 2A.
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(a) (b)

(c) (d)

Fig. 13. ROF total energy (a) and (c) ratio energy, (b) and (d) measured at ith iteration for the vectorial images Brooklyn Bridge (a) and (b), Zaragoza
Train Station, and (c) and (d) (λ = 0.15 for both).

This problem has as analytic solution

p̄ = (A sin(Ax1) cos(Bx2), B cos(Ax1) sin(Bx2))

that results in the image ua = cos(Ax1) cos(Bx2). The time
step �t for the gradient descent was chosen as 0.248 [18]. The
error of the computed u with respect to the analytic ua was
measured and it is shown in Fig. 6, where it can been seen
that the numerical methods presented improve the convergence
ratio. Notice that the stable error with respect to the analytic
solution is several orders of magnitude lower for the proposed
methods than for the gradient descent.

A second test was performed using a black and white ver-
sion of the Lena test image in order to study the behavior of the
proposed methods for different image sizes and for different
values of λ. In Fig. 7 we can see the number of iterations
needed to reach a given stopping criterion for differents values
of λ. We have chosen as the stopping criterium [17]

|d(n) − d(n − 1)| < ε

being
d(n) = ‖un − f ‖F

where ‖·‖F is the Frobenius norm, f the original image and un

is the approximated solution at iteration n. In [17] the authors
suggest to use a ε in the range [0.01, 0.05]. We have chosen
ε = 10−3, that is one order of magnitude more restrictive.
It can be seen that the Box Cell Centered method is the less
sensitive to the variation of λ for any image size.

In Fig. 8 we show, for a fixed number of iterations, the ratio
between the energy of the solution of the proposed method and
the energy of the solution of the descent gradient method. This
measure gives an idea of the relationship between the energies,
independent of the size of the images. It can be appreciated
that during the first iterations, the Box Cell Centered method
has the best convergence ratio, but for a higher number of
iterations and for low values of lambda, the best ratio is
obtained using the Box Vertex Centered method.

A common characteristic is that the larger the value of λ,
the bigger the improvement of the proposed scheme. When
the Total Variation is dominant, i.e. high values of λ are used,
the improvement of the proposed schemes is bigger.

Finally, the convergence of the proposed schemes was
evaluated with real photographs acquired with a Canon EOS
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(a) (b)

(c) (d)

Fig. 14. Detail of the results on the Gracia District image. (a) Gradient
descent scheme. (b) Coupled pair scheme. (c) Box cell centered scheme.
(d) Box vertex centered scheme.

450D camera equipped with a 18–55 EF-IS f/3.5–5.6 lens.
The camera was set with high sensibility ISO, and the images
were acquired in raw format. The images are shown in
Fig. 9-10. The images in raw format were developed using the
Adobe Photoshop Lightroom commercial software1 (without
using the noise reduction module) and an adjustment of the
histogram was necessary in order to compensante for sub-
exposition. This process, taking the images with high ISO
setting and compensating the sub-exposition, makes noise
visible. The images were used to test the numerical schemes
and the convergence was compared to the gradient descent
scheme (8). The energy of the functional (1) at each iteration
is used for comparison as quality criterion. The black and
white images, Fig. 9a and 9b, were used to test the scalar
version. The color images, Fig. 10a and 10b were used to
test the multichannel version using the Red, Green and Blue
colors as channels.

Numerical comparisons are shown in the graphs in
Fig. 12 and 13, where we represent the number of iterations
versus the energy of the solution given by eq. (1) for each
iteration. We chose this kind of graphs because the energy
of the solution gives a more accurate measurement of the

1Free test version available on http://www.adobe.com

(a) (b)

(c) (d)

Fig. 15. Detail of the results over the Olympic Port image. (a) Gradient
descent. (b) Coupled pair. (c) Box cell centered. (d) Box vertex centered
schemes.

quality of the solution than any norm of the difference between
consecutive solutions. All the proposed schemes improve the
convergence of the gradient descent (8) and have similar L-
Shaped convergence. The best results are obtained with the
Box Cell Centered Version.

In Fig. 14, 15, 16 and 17 the results at iteration number
50 are shown. There are no visual differences between the
solutions of the proposed staggered numerical schemes, but all
of them show differences respect to the results of the gradient
descent, which all have a noise structure.

A. On Primal-Dual Algorithms

In this section we apply the idea of Box Cell Centered
relaxation, discussed before in section III-C, to the primal-
dual algorithm presented in [18], which has been shown to be
one of the most efficient methods when adaptive time steps
are used. These are preliminary results and we just observe
that the schemes presented in previous sections deal with the
stationary system of equations of the dual variable p̄ and
that the schemes of Zhu and Chan [18], and Chambolle and
Pock [19], [20] for the primal-dual strategies are based on a
gradient descent on the dual variable, and a gradient ascent
on the primal variable. A study of the stationary problems in
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(a) (b)

(c) (d)

Fig. 16. Detail of the results over the Brooklyn Bridge image. (a) Gradient
descent scheme. (b) Coupled pair scheme. (c) Box cell centered scheme.
(d) Box vertex centered scheme.

the primal-dual formulation is beyond the scope of this paper.
Nevertheless, it is attractive to apply the Box Cell Centered
relaxation idea on the ascent-descent gradient scheme which
is:

p̄m+1 = p̄m + (τm+1
d /λ)∇um

max(1, | p̄m + (τm+1
d /λ)∇um |)

um+1 = (1 − τm+1
p )um + τm+1

p

(
f + λ∇ · p̄m+1

)

where at each iteration the equations are solved alternatively
for p̄n+1 and un+1 [18]–[20]. In order to apply the Box Cell
Centered relaxation, we propose to solve for p̄ and u at the
same time step⎧⎪⎨

⎪⎩
p̄m+1 = p̄m + (τm+1

d /λ)∇um+1

max(1, | p̄m + (τm+1
d /λ)∇um |)

um+1 = (1 − τm+1
p )um + τm+1

p

(
f + λ∇ · p̄m+1

)
which leads to the following system of equations:⎧⎨
⎩

max(1, | p̄m + τm+1
d ∇um |) p̄m+1 − (τm+1

d /λ)∇um+1 = p̄m

um+1 − τm+1
p λ∇ · p̄m+1 = (1 − τm+1

p )um + τm+1
p f

Applying the previously defined staggered discretization
leads to the following equations for px1

1/2,0, px2
0,1/2 and u0,0

(a) (b)

(c) (d)

Fig. 17. Detail of the results on the Zaragoza Train Station image.
(a) Gradient descent. (b) Coupled pair. (c) Box cell centered. (d) Box vertex
centered schemes.

respectively, for the cell centered at node (i1, i2)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

max1/2,0 px1,m+1
1/2,0 − (τm+1

d /λ)(um+1
1,0 − um+1

0,0 ) = px1,m
1/2,0

max0,1/2 px2,m+1
0,1/2 − (τm+1

d /λ)(um+1
0,1 − um+1

0,0 ) = px2,m
0,1/2

um+1
0,0 − τm+1

p λ(px1,m+1
1/2,0 − px1,m+1

−1/2,0 + px2,m+1
0,1/2 − px2,m+1

0,−1/2 )

= (1 − τm+1
p )um

0,0 + τm+1
p f0,0

(27)

where maxi, j = max(1, | p̄m+(τm+1
d /λ)∇um |)i, j . Solving (27)

for px1−1/2,0, px2
0,−1/2,0, px1

1/2,0, px2
1/2,0 and u0,0 leads to the 5 ×

5 algebraic system Ax̄ = b̄ where

A =

⎛
⎜⎜⎜⎜⎝

max0,−1/2 0 −τm+1
d /λ 0 0

0 max−1/2,0 −τm+1
d /λ 0 0

τm+1
p λ τm+1

p λ 1 −τm+1
p λ −τm+1

p λ

0 0 τm+1
d /λ max1/2,0 0

0 0 τm+1
d /λ 0 max0,1/2

⎞
⎟⎟⎟⎟⎠

x̄ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

px2,m+1
0,−1/2

px1,m+1
−1/2,0

um+1
0,0

px1,m+1
1/2,0

px2,m+1
0,1/2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
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(a) (b) (c)

Fig. 18. Energy in the Cameraman (size 256 × 256) for the primal-dual schemes, Gracia District, and Olympic Port images for λ = 0.5, λ = 0.15, and
λ = 0.18, respectively.

(a) (b) (c) (d)

Fig. 19. Detail of the results for the primal-dual schemes. (a) and (c) Ascent-descent primal dual. (b) and (d) Box cell centered ascent-descent primal-dual.

b̄ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

px2,m
0,−1/2 − (τm+1

d /λ)um+1
0,−1

px1,m−1/2,0 − (τm+1
d /λ)um+1

−1,0

(1 − τm+1
p )um

0,0 + τm+1
p f0,0

px1,m
1/2,0 + (τm+1

d /λ)um
1,0

px2,m
0,1/2 + (τm+1

d /λ)um
0,1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(28)

We tested the proposed scheme (28) and compared
its performance to that of the descent gradient dual
scheme (GD), the stationary dual Box Cell Centered
(BCC), and the ascent-descent gradient primal dual (PD).
Following [18], the choice of the time steps was
τm

d = (0.2 + 0.08m), τm
p = (0.5 − 5

15+m )/τm
d .

Results are shown in Fig. 18 and Fig. 19. It can be seen
that in the first iterations, the proposed methods improve the
convergence of the primal-dual scheme. When more iterations
are considered, all the algorithms reach a similar energy.
This behaviour can also be observed when the scheme is
tested with real images. Fig. 18 shows the energy for the
Cameraman, Gracia District and Olympic Port images for
50 iterations.

VI. CONCLUSION

In this work we have presented three new numerical
schemes for the resolution of the partial differential system
of equations that arise from the minimization of energy

functionals based on the dual formulation of the Total
Variation operator. The image domain is discretized with
a staggered grid, which allows to solve numerically the
partial differential system of equations in an efficient way.
Accuracy was analysed in the analytical test problem show-
ing a better results in the case of the proposed schemes.
Efficiency and convergence were evaluated denoising real
photographs, and compared to gradient descent numeri-
cal schemes solving the dual equation. Results clearly
show that the best numerical scheme is the box cell
centered relaxed one. It has a better convergence ratio
and this behaviour improves as the λ parameter grows.
The extension to problems of dimension higher than 2 is
straightforward.

Finally, more advanced primal-dual schemes, recently pro-
posed by Zhu and Chan, and Chambolle and Pock [18]–[20],
have been integrated in our relaxed box staggered schemes.
Our preliminary results suggest that the primal-dual schemes
can benefit from our approach and more work has to be done
in this direction.
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